ABSTRACT Phase shifters are one of the most important elements deployed in the antenna feeding structures. They are being used in several antenna systems for various applications. Moreover, they can be used in different microwave devices such as circulators and isolators. Furthermore, they are one of the commonly used components in circularly polarized antenna systems. They can be deployed using different techniques depending on the required electrical specifications and the power handling capability. Phase shifters with horizontal ferrite tiles have a higher power handling capability than the transistor based. Thus, this type of phase shifter was frequently visited in the literature. However, the previously presented models were either inaccurate or had a narrow validity range. Here, mathematical analysis and study have been performed for non-reciprocal differential phase shifters using two horizontal ferrite tiles based on waveguide technology. A new model is proposed along with the transcendental equation for the phase constant. The presented model is validated through comparison with various standard waveguides over the full band operation. Moreover, an experimental validation step is carried out, where the measured results have acceptable values.
I. INTRODUCTION
Phase shifter plays an essential rule in many microwave communication applications. There are many examples of these applications such as electronic beam scanning systems [1] - [3] or circularly polarized antenna systems [4] - [6] . This can be performed by adding the phase shifter with any type of orthomode transducers to produce two orthogonal polarizations with 90 • phase shift [7] , [8] . The phase shifter can be implemented through many techniques such as delay lines [9] , active element based phase shifters [10] - [13] , and anisotropic element based phase shifters. Each technique is suitable for certain applications with some specific needs. Delay line phase shifters are very simple but they have a large size, and narrow bandwidth. Meanwhile, active phase shifters performance deteriorates significantly at high-frequency bands, especially those impleThe associate editor coordinating the review of this manuscript and approving it for publication was Mohammad Tariqul Islam. mented with CMOS technology [14] - [16] . On the other hand, the ferrite material-based phase shifters show a leading edge over the other types as they have a high power handling capability in a compact size. Moreover, this type of phase shifters has a flat phase shift over the operating bandwidth. Due to this outstanding performance, the ferrite-based phase shifters have been deployed in many systems before [17] - [21] .
Furthermore, Ferrite phase shifter is an important sub-component in other devices such as circulators, isolators, antenna beam scanning, switches, and duplexers [19] , [22] - [26] . One example is the four-port differential phase shift circulator in which ferrite phase shifters are considered as a fundamental building block [27] - [32] . This importance of the ferrite-based phase shifters stimulates the research community to pay high attention to the development of such phase shifter, where many implementation technologies have been deployed. These technologies have many examples such as a waveguide, microstrip, stripline and substrate integrated waveguide [33] - [38] . Among all these implementation technologies, the rectangular waveguide has significant importance due to its power handling and compliance with standard systems.
Differential phase shifter based on ferrite material consists of two channels parallel to each other. Ferrite slabs in each waveguide channel are either having the same locations and magnetized in opposite directions, or same direction of magnetization and mirrored locations. This results in the required differential phase shift between both channels. It depends on the existence of natural planes of counter-rotating alternating magnetic fields with circular polarization on each side of its symmetry plane. The implementation technology of such shifter can be Substrate Integrated Waveguide as (SIW) as in [39] or Ridge Gap Waveguide (RGW) as in [40] and [41] .
The traditional configuration of the ferrite differential phase shifter is based on deploying a vertical slab inside each channel. This solution has many problems and limitations, which will be discussed later in Section III. Changing the ferrite tiles geometry and allocation can solve these problems. For example, using two horizontal slabs instead of the vertical ones improves the thermal characteristic. This will be discussed in more details in Section II. The accurate solution of the two horizontal slabs is not visited thoroughly in the literature, and only the approximate solutions of the vertical slab are mentioned. The approximate solution considers only the filling factor of the ferrite material, regardless of the cross-section geometry and the orientation. In other words, the case of the vertical slab is thoroughly investigated. Meanwhile, other shapes utilize the same solution as an approximate expression, which deviates from the exact solution especially for filling factors above 1%. The filling factor is defined as the ratio between the ferrite and the channel cross-section areas. Hence, the traditional solutions are limited in terms of considering all configurations and geometries. This leaves a room for improvement to provide more accurate models for various differential phase shifter configurations.
This work presents an analysis and study of the waveguide differential phase shifter composed of two horizontal ferrite slabs in each channel. We propose an accurate model for calculating the phase constant. The transcendental equations are derived starting from Maxwell's equations and validated later by simulations and measurements. The proposed model has shown a maximum percentage error below 10%. An example of the differential phase shifter in Ka-band has been fabricated, where the measured results are in excellent agreement with the proposed model. This paper is organized as follows; section II explains the different geometries of ferrite slabs inside each channel of the differential phase shifter. This is followed by a discussion of the traditional methods for designing such structures and their limitations in Section III. Section IV presents the proposed model of two horizontal ferrite slabs inside each channel. The validation of the introduced model is presented in Section V. Finally, the proposed model outcomes are summarized in Section VI.
II. FERRITE DIFFERENTIAL PHASE SHIFTER CONFIGURATION DESCRIPTION
The ferrite based differential phase shifter has different configurations based on the position and the cross-section shape of the ferrite material such as: rectangle, circle, square, or any other geometry. The commonly used ferrites have a rectangular cross-section due to the fabrication feasibility. The ferrite tiles with rectangular cross-section can be placed either in a vertical or in a horizontal orientation. This results in two common configurations: the vertical tile and the horizontal tile phase shifter. The configuration of the differential phase shifter consists of two channels parallel and adjacent to each other. One (or two) ferrite tile(s) with suitable magnetization is placed in each channel. The ferrite tiles in each waveguide are oppositely magnetized to produce the required differential phase shift between the two channels. To achieve the desired differential phase with the least filling factor (i.e., minimize the ratio of the ferrite cross-section to the channel crosssection), the ferrite tiles must be placed at the point of circular polarization inside the rectangular waveguide. In this way, there is no need to use a larger filling factor because it will be useless. The following equations determine the optimum position of the ferrite slab [33] :
where k c = π/a, x is the location of the circular polarization point in the air filled guide, and β 0 is the propagation constant of the air filled guide, which is given by:
In this paper, ferrite tiles of a rectangular cross-section are considered. This results in two distinct configurations for the differential phase shifters. The first case is the traditional one, in which a full height vertical ferrite tile is utilized. This case has a relatively high phase shift with high phase variations. The second case has less phase variations and it is recommended for wideband applications, in which two horizontal thin ferrite tiles are mounted on the top and bottom walls of the waveguide [33] . This case has a more flat response, and a wide operating band, however, it has a slightly lower phase shift compared with the vertical case. Fig. 1 shows the structure of a single channel according to the first and the second configurations. The max phase shift occurs when the ferrite is placed at a certain point at which two orthogonal magnetic field components are exactly equal to each other. This maximum phase shift point is frequency dependent. As a result, the narrow vertical tile can satisfy this condition for a narrower frequency band. On the other hand, the horizontal tile is able to cover wider range of frequencies with similar performance. This can explain the flat phase shift response of the horizontal tile compared with the vertical one. Moreover, the vertical tile configuration shown in Fig. 1 (a) has two drawbacks [33] :
• Ferrite alignment difficulty: As the circular polarization point is a function of frequency, the wide frequency variation because the optimum point to be outside the slab width. Therefore, the ferrite will not be fully enabled.
• The vertical orientation of the ferrite slab leads to a small contact area between the ferrite and the metal, which reduces the heat transfer and increases the temperature significantly under high power conditions. A comparison between the vertical and the horizontal ferrite slabs Differential Phase Shifter (DPS) is presented in Table 1 .
It is worth to mention that selecting the right ferrite material and applying the suitable magnetic bias is a critical step in building phase shifters. The ferrite selection criteria are illustrated in details in Appendix VI. It is essential to understand this process deeply before going through either the traditional design methodologies or the proposed work as the same guidelines have to be considered in all cases.
III. TRADITIONAL DESIGN METHODOLOGY LIMITATIONS
In this section, the traditional solution of the differential phase shifter problem is discussed, where the current limitations are highlighted. The basic configuration for the differential phase shifter is considered, in which the ferrite slab has a vertical orientation as shown in Fig. 1(a) . The vertical ferrite slab is centered at the point of circular polarization inside the rectangular waveguide. In order to find the differential phase occurs due to the existence of the ferrite slab the phase propagation constant β has to be evaluated. The solution in this case is simple and straightforward. However, the vertical tile phase shifter has many limitations compared with the horizontal orientation in terms of both the electrical and thermal characteristics as mentioned before.
The transcendental equation is obtained in the literature in the case of the vertical tile [29] , [33] . Afterward, these provided formulas have been simplified to introduce an approximate expression for the phase shift [33] .
where κ and µ are the elements of the permeability tensor of the ferrite material. Moreover, S S represents the filling factor that is equivalent to the cross-section area of the ferrite divided by the cross-section area of the waveguide. Although this expression has been extracted for the vertical tile case, it is utilized in other ferrite shapes as long as the filling factor is below 1% (i.e. S S < 0.01).
In conclusion, although the case of two horizontal slabs is significant due to its advantages compared with the vertical case as explained before, it has not been well investigated in the literature. The approximate expression has an acceptable percentage error for small filling factor ( S S ), but these small filling factors are not practical since the differential phase shifter in this case needs a long length to accomplish the desired phase shift value. In order to reduce the length of the ferrite slab, the high filling factor is needed. Accordingly, we are proposing an accurate model to solve the differential phase of the horizontal slabs case that is valid for large values of the filling factor, with a maximum error below 10% in the following section.
IV. PROPOSED MODEL
As a first step, we propose to model the horizontal tile differential phase shifter with an equivalent waveguide, where the horizontal tiles and the intermediate air filling will be replaced by a single effective homogeneous medium. The equivalent slab has the same cross-section area, but it has an effective permeability and an effective dielectric constant. These two parameters depend on the filling factor of the ferrite material. This equivalent model is expected to achieve accurate results only if the ferrite filling is distributed along the region. This case will be entitled as the homogeneous case, which is not practical as the possible configuration is to attach the ferrite material to the top and the bottom walls. A second step is performed to reach an accurate model that can be applied to the realistic case, where the ferrite slabs exist at the top and the bottom wall. In this step, the physical width of the ferrite slab is replaced by an effective one to take into consideration the discontinuity effect. In the following part, these two steps are discussed in detail starting from the first principles to obtain the required model.
A. HOMOGENEOUS CASE TRANSCENDENTAL EQUATION
The original structure of the phase shifter is shown in Fig. 2(a) , while the proposed equivalent model is shown in Fig. 2(b) . The structure of the equivalent model consists of three regions, where region 1 and region 3 are air-filled, while region 2 represents the effective material of the ferrite tiles. The idea used for region 2 which is shown in equations 4, 5, and 6 is to define the effective parameters through calculating the filling ratio between the ferrite and the air. Thus, it can be considered as averaging the values of µ, κ, and . Later, the correction factor is added to these equations to decrease the error. The elements of permeability tensor and the permittivity of region 1 and 3 are µ (1),(3) = µ 0 , κ (1),(3) = 0, (1) ,(3) = 0 , respectively. On the other hand, both the permeability and the permittivity in region 2 are assumed to be:
Hence, the permeability tensor µ eff (2) for theŷ bias will be:
The phase propagation constant β of the equivalent model will be obtained from Maxwell equations that can be written in the case of source free as: 
For linear isotropic mediums:
As the ferrite materials are anisotropic materials, the magnetic flux density and the magnetic field can be related to each other by the following relation in region 2:
Assuming E and H are:
Enforcing the boundary conditions in the three regions a resultant transcendental equation for the propagation constant β can be derived. By solving Maxwell's equations based on E and H in (13) and (14) , and if the propagating mode is TE 10 , the equations are reduced to:
Solving (15) and (16) to find h x and h z
where here the factor µ f is defined by
Substitute by (18) , (19) , and (20) in (17) to find the wave equation e y :
Obtaining the corresponding results for region 1 and 3:
where k f is the cutoff wave number for the ferrite and it is related to β by:
k a is the cutoff wave number of the air regions and it is related to β by:
h x and h z in the air region are given by:
The solution of e y inside the waveguide that can satisfy the boundary conditions for the three regions:
Using (26) and (27) to get h z and then matching e y with h z at x = m, x = m + w f = a − n results in four equations for the constants C 1 , C 2 , C 3 , and C 3 :
By solving (28) and (29) and substituting in (30) and (30) , then eliminating all the constants results in a transcendental equation for the propagation constant β as:
In this case, the total area of the ferrite material ( S = w f × b) is uniformly distributed over the waveguide cross-section area (S = a × b) in such way the medium in this area is a homogeneous medium. As the number of the ferrite slabs number increases and their thickness decrease but with the same filling factor, the medium can be considered homogeneous. The ideal case is represented by the proposed model so far to have an infinite number of horizontal slabs with almost zero thickness. To prove this claim, different configurations are investigated and shown in Figs 3(a), 3(b) . In these configurations, the ferrite material is distributed over four and eight strips, respectively. The phase shift is extracted numerically and compared with the realistic case (Two slabs) and the homogeneous model in Fig. 3(c) . This figure shows that as long as the ferrite is distributed more, the phase shift response is getting closer to the proposed homogeneous model.
B. INHOMOGENEOUS CASE ADJUSTMENT
In this case, the two distinct ferrite horizontal slabs are considered, the ferrite slab total area is not uniformly distributed over the cross-section area w f × b, that means the ferrite medium here is inhomogeneous medium. Due to the sudden discontinuities between the ferrite and the air. Some adjustment must be performed for the proposed model. Fringed fields above the ferrite slab lead to an effective height slightly larger than the physical height. This can be represented mathematically with a correction factor CF. Hence, h f in Equations (4), (5), and (6) will be replaced with h f as Figure 7 shows the variation of the phase constant versus frequency for the right hand circularly polarized, the left hand circularly polarized components and the difference. where CF is a correction factor that represents the in-homogeneity of the ferrite distribution. The empirical expression that represents this correction factor is extracted through comparison with the extracted results numerically over several standard rectangular waveguides. Many parametric sweeps are performed such as the ferrite slab dimensions and parameters. Then, the final CF is obtained numerically. Furthermore, if the ferrite filling factor is less than 7.5% ( S S ≤ 0.075) with an aspect ratio between 5 and 9, the CF is valid for any waveguide dimension and operating frequency. The correction factor is represented by the following equation:
where F 1 and F 2 can be defined by the following equations that have the constants shown in Table 2 . 
where Fr asr is the aspect ratio of each ferrite tile cross-section area that is given by the following equation using the parameters shown in Fig. 2 .
Based on equation (33), the correction factor represents the essential modification in the ferrite slab height for the model to obtain accurate values for the phase shift. As the model is based on a physical insight and the correction factor compensates only for the inhomogeneous distribution of the ferrite material, it is expected to have a constant VOLUME 7, 2019 value for the correction factor with respect to frequency (it is not a frequency dependent value). As the equations (34) through (37) show, this factor depends only on the physical dimensions of the ferrite slab and the dimensions of the rectangular waveguide cross-section. Hence, the proposed model along with this correction factor can obtain the phase shift in all rectangular waveguide standards loaded with horizontal ferrite slabs with slight deviation as will be discussed in Section V.
Some examples are selected to show the effect of the CF on Equations (4), (5) other filling factors and aspect ratios are valid, only those examples are selected to facilitate the article readability. The effective model parameters with and without the correction factor for the selected examples are shown in Fig 4, Fig. 5 , and Fig. 6 .
V. VALIDATION AND EXPERIMENTAL RESULTS
Many cases using different standard waveguides have been studied and investigated to validate the proposed inhomogeneous model equations. Some cases have been selected and presented in this section. The selected waveguides are WR-650, WR-90, and WR-28 that covers the L-band, X-band, and Ka-band, respectively. Each case is evaluated using the proposed inhomogeneous model equations and then compared with both of the approximate relation and the numerical simulation results. Suitable parameters are selected for each case. The differential phase ( β) for each case is calculated for a guided wavelength at the center frequency (λ 0 )of each corresponding band.
The comparison of the three methods for the standard waveguide WR-650 is shown in Fig. 8 , the behavior of the three curves is almost the same with slight deviations for the small filling factor ( S S = 0.01), meanwhile, for larger filling factor ( S S = 0.075) the proposed model is very close to the numerical simulation results with the deviation that does not exceed 10%. The same behavior for the other standard waveguides WR-90 and WR-28, their comparisons are shown in Figs. 9, and 10, respectively. It is clear from the shown comparison curves that the approximate relation has an acceptable percentage error for small ferrite filling factors but not for the high filling factors. On the other side, the proposed model finds a value of the differential phase that is much closer to the true one. The error percentage of the proposed model as a function of S S and Fr asr is plotted and shown in Fig. 11 .
The approximate relation is based on oversimplifying the phase shift expressions of the vertical slab while using this expression in all cases [33] . As a result, this relation fails to obtain the phase shift with reasonable accuracy in many cases, especially in the case of the horizontal slab. On the other hand, the proposed model defines an effective region with a correction factor for the slab height to model the ferrite loaded rectangular waveguide (as described before). This model can obtain the phase shift with a reasonable accuracy as shown in Figs. 8, 9 , and 10, where the proposed correction factor is a part of the presented model. The approximate model is very close as long as the filling factor is extremely small (below 1%). Thus, we proposed our model to cover both small and large values for filling factors, which is needed for practical applications. Our model is valid up to 0.075 filling factor (7.5%), which can cover all the practical applications of these components. Nevertheless, our model is valid for all frequency bands.
The deviation between the proposed model and the numerical solution is limited as the error calculated in all standard waveguide is below 10%, which can be depicted from Fig. 11 . However, this can be enhanced by calculating an effective ferrite slab width to the ferrite slab to take into consideration the fringing fields as an future extension to this work.
An example is constructed and measured in favor of comparing it with the proposed model as well as the simulations. This example utilizes the standard waveguide WR-28 with two ferrite slabs per channel as described before. The ferrite material is nickel ferrite with zinc substitution with 4πM s = 5300 G, r = 13.5, and tan δ = 0.0006. Each ferrite slab has dimensions of 25.4 × 1.9 × 0.56 mm 3 . Thus the ferrite filling factor S S is 0.084 and each slab aspect ratio Fr asr is 3.4. The frequency range of the comparison between measurements and other methods (proposed model, approximate relation, and numerical simulation) is limited to 26.5-34 GHz due to limitations of the fabrication with respect to the exact values of dimensions and 4πM s .
The setup of the fabricated example consists of one channel in order to facilitate the setup. This is equivalent to the differential phase shift between two channels that have the same ferrite slabs with the same direction and magnitude of magnetization. The only difference between the two channels is the ferrite slabs location; each channel is a mirrored version of the other. The measurement setup is shown in Fig. 12(a) . The comparisons of the measured differential phase shift, and the S-parameters magnitudes simulation and measurement comparison are shown in Fig. 12 .
It is clear from Fig. 12(b) that the approximate relation fails at higher frequencies, meanwhile, the proposed model is very close to the simulations. In this figure, we tried three tolerance values (±5%, ±7.5%, and ±10%). The closest curve to the measurements is the one with ±10% tolerance as shown in Fig. 12(b) . The other two curves indicate a significant deviation. The reason for such a deviation between the measured and simulated phase can be attributed to the tolerance of the ferrite slabs alignment, which was difficult to verify due to the long and narrow closed waveguide. In addition, the value of H 0 of the magnet is tough to achieve practically with a precise VOLUME 7, 2019 value. Nevertheless, the magnitude of the 4πM s of the ferrite material has ±5% tolerance, and its physical parameters are measured at 9 GHz by the manufacturer. Those physical parameters can change a bit at the 30 GHz band. Thus, some deviations in the measurements are expected. In Fig. 12(c) the matching level is acceptable. However, these ripples are attributed to the effect of the ferrite slabs and the magnets. Moreover, the insertion loss levels of the measurements and the simulations are close to each other.
VI. CONCLUSIONS
A full study of the non-reciprocal ferrite based differential phased shifters has been presented showing the main criteria of the material selection and the traditional methodology for designing such shifters. Also, the limitations of this methodology are discussed. Moreover, a homogeneous solution with modeled equations to determine the differential phase occurring in such phase shifters has been proposed. Nevertheless, a novel inhomogeneous model with accurate equations is proposed for such shifters. Later, many cases are studied to validate the proposed modeled equations that have a very good agreement with simulations with a maximum error does not exceed 10%. In conclusion, an accurate model is proposed and validated to obtain the phase shift for the ferrite loaded rectangular waveguide. This structure is an essential building block in duplexers, which are deployed in all radar systems till now. Finally, an example has been selected for prototyping, and then the measured results are compared with the proposed model, the approximate relation, and the numerical simulation. The measurements of the differential phase shift, insertion loss, and matching have accepted values and levels that validate the proposed model.
APPENDIX FERRITE MATERIAL SELECTION CRITERIA
Designing differential phase shifters based on ferrite materials need many considerations to assure that the selected ferrite material will perform the required operation. Selection of such materials depends mainly on basic parameters such as the saturation magnetization factor (4πM s ), magnetic DC bias (H 0 ), Larmor frequency (f 0 ), and the saturated magnetic frequency (f m ). These parameters are related to each other, and these relations are shown in the following equations [33] . f 0 (MHz) = 2.8 × H 0 (Oe) (38) f m (MHz) = 2.8 × 4πM s (G)
The criteria for selecting the ferrite material must consider the following notes:
• The ferrite must be at least saturated. However, it is always recommended to operate above saturation. This ensures that some slight deterioration of the magnets will not lead to lose the saturation of the ferrite
• The operating frequency band of the differential phase shifter must be outside the resonance frequency band of the ferrite, this means the prohibited band is between √ f 0 × (f 0 + f m ) and f 0 + f m [43] . • The operating band can be above resonance (i.e. < √ f 0 × (f 0 + f m )) or below resonance (i.e. > f 0 + f m ).
• In the below resonance band as the frequency increases the differential phase decreases till it reaches almost zero at very high frequencies. That means, in order to have a reasonable phase shift, the upper frequency of the operating band of the differential phase shifter must be at least around 1.1 × (f 0 + f m ) or slightly higher. An example of the phase constant versus frequency in the ferrite medium case is illustrated in Fig. 13 . The phase constant β inside the ferrite material can be defined by the following equation:
β ± /κ = ω (µ ± κ)/µ 0 (40) β + and β − corresponds to the RHCP and LHCP waves, respectively. Fig. 13 also shows the three bands of operation; above resonance, resonance, and below resonance. As a summary, the key factors to select the suitable ferrite material are the saturation magnetization factor and the magnetic DC bias, which subsequently determine the values of Larmor frequency and saturated magnetic frequency.
